Abstract. We prove Liouville theorems for Dirac-harmonic maps from the Euclidean space R n , the hyperbolic space H n and a Riemannian manifold S n (n ≥ 3) with the Schwarzschild metric to any Riemannian manifold N .
Introduction
Let (M n , g) be a Riemannian manifold with fixed spin structure, ΣM its spinor bundle, on which we chose a Hermitian metric ·, · . Let ∇ be the Levi-Civita connection on ΣM compatible with ·, · and g. Let φ be a smooth map from M to a Riemannian manifold (N, h) of dimension n ′ ≥ 2 and φ −1 T N the pull-back bundle of T N by φ. On the twisted bundle ΣM ⊗ φ −1 T N there is a metric (still denoted by ·, · ) induced from the metrics on ΣM and φ −1 T N. There is also a natural connection ∇ on ΣM ⊗ φ −1 T N induced from those on ΣM and φ −1 T N. In local coordinates {x α } and {y i } on M and N respectively, we write the section ψ of ΣM ⊗ φ −1 T N as
where ψ i is a spinor on M and {∂ y j } is the natural local basis on N, and ∇ can be written as
Here and in the sequel, we use the summation convention. The Dirac operator along the map φ is defined as where {e α } is the local orthonormal basis of M and ∂ / := e α · ∇ eα is the usual Dirac operator on M. The Dirac operator D / is formally self-adjoint, i.e.,
For properties of the spin bundle ΣM and the Dirac operator ∂ /, we refer the readers to [7] or [6] .
Let us consider the functional
Euler-Lagrange equations of L are (see [2] ):
is the tension field of the map φ. Denoting
then (1.3) and (1.4) can be written as:
We call solutions (φ, ψ) of the coupled system (1.3) and (1.4) Dirac-harmonic maps from M into N. The system (1.3, 1.4) arises from the supersymmetric nonlinear sigma model of quantum field theory by making all variables commuting (see [2] and [3] ). Thus, Dirac-harmonic constitute a natural extension of the harmonic maps thoroughly studied in geometric analysis. An obvious question then is to what extent the structural theory of harmonic maps generalizes to Dirac-harmonic maps.
In the present paper, our starting point in this direction is [5] , where, motivated again by considerations from quantum field theory, it was proved that any harmonic map of finite energy from the Euclidean space R n (n ≥ 3) into a Riemannian manifold N must be constant. In [11] , this vanishing property was shown for the case of the domain manifold H n , the hyperbolic space. These Liouville theorems are a consequence of the non-invariance of the energy functional under conformal transformations, and the fact that there exist conformal vector fields on the domains. In [10] , these results were extended to the case where the domain is a Riemannian manifold S n with the Schwarzschild metric (see definitions and notations in section 3).
In contrast to harmonic maps, the integrands in the functional L for Diracharmonic maps are not nonnegative in general, and the energy functional should be chosen as follows (c.f. [2] and [3] ):
Our aim is to extend the previous Liouville theorems to the case of Dirac-harmonic maps. We will prove the following
Dirac-harmonic map with finite energy:
then φ must be constant and ψ ≡ 0.
In fact, the supersymmetric σ-model in superstring theory includes an additional curvature term in addition to (1.2) . Turning again the components of ψ, which in quantum field theory take values in some Grassmann algebra and anticommute with each other, into ordinary spinor fields on M, we have the following functional:
We call the critical points (φ, ψ) of L c Dirac-harmonic maps with curvature term. We should point out that the factor − 1 6 in front of the curvature term in (1.8) is dictated by supersymmetry. Since in our treatment of the functional, we shall not utilize this symmetry, the value of this coupling constant will not be essential for us, except that changing it from negative to positive values would also change the sign in the curvature condition in Theorem 1.2 below. In other words, with a positive instead of a negative coupling constant, we would obtain a vanishing for negatively curved targets.
The Euler-Lagrange equations of the functional L c are (see section 2 below):
For solutions of this system, we also have a Liouville theorem. However, due to the presence of the curvature term in the functional L c , we will need a condition on the curvature of the target N, namely that N has positive sectional curvature. 
The Euler-Lagrange equations for L c
Let us first derive the Euler-Lagrange equations for L c . We put
and have
First, noting that
we have
which implies that
Thus, we obtain the ψ-equation for L:
Second, consider the φ-variation {φ t } with φ 0 = φ and
For the term I 1 it is well-known that (see e.g. [12] or [6] ) (2.3)
For I 2 we choose an orthonormal basis
One can compute
It follows that
From this formula and (2.5) we have
Combining this with (2.4) we obtain
Thus, we have (2.6)
where Γ im,j := Γ k im h kj . Therefore, (2.7)
From (2.3) and (2.7) we obtain (2.8)
Using the ψ-equation,
we have (2.9)
The term I 3 is easy to compute.
Substituting this and (2.9) into (2.2) yields
Here, R ijkl;m denotes the covariant derivative of the curvature tensor R ijkl with respect to ∂ ∂y m . Therefore, we obtain the φ-equation for L c :
Proofs of theorems
Now we start to prove our main Theorems. Suppose X ∈ Γ(T M) is a conformal vector field on (M, g), namely,
where f ∈ C ∞ (M). Here L X denotes the Lie derivative with respect to X. The vector field X generates a family of conformal diffeomorphisms
We will consider the variation of the functionals L and L c under this family of diffeomorphisms.
In the Euclidean space R n , the vector field X(x) := x is conformal with f = 1. Consider R n equipped with a metric
where a, b are radial functions, (r, Θ) are polar coordinates centered at the origin, and dΘ 2 stands for the standard metric on the unit sphere S n−1 . Then the vector field X := a(r)∂ r satisfies: L X g = 2f g with f = (ab) ′ /b, that is, X is a conformal vector field (c.f. [10] ). Besides the standard Euclidean space R n , we also consider the following cases: Recall the definition of L:
where v g := detg αβ) dx is the volume form of M.
is an n-form on M. We note that for any
where ı X stands for the inner product with the vector X. Now let us compute L X Ω. We first recall the following Lemma 2.1(c.f. [4] ). Let φ : M → N be a map, and X any smooth vector field
where
h is the stress-energy tensor of φ.
Second, we note that
To continue, we recall that
The variation of D /ψ consists of two parts: one with respect to the metric g, the other with respect to the parameterization p of M caused by X, namely,
Lemma 2.2. The first variation is:
Proof. The proof follows closely [1] . See also [8] . In order to obtain (3.7), we first note that given any real n−dimensional vector space V equipped with a metric g, then for any other metric g ′ on V , there exists a unique positive endomorphism
It is clear that b g ′ ,g := H −1/2 transforms g−orthonormal frames to g ′ −orthonormal frames. And consequently, we have an SO n -equivariant map from the manifold P (g) of g−orthonormal frames to the manifold P (g ′ ) of g ′ −orthonormal frames. Since M is spin, the map b g ′ ,g can be lifted to a Spin n -equivariant map β g ′ ,g :
and a Spin n -equivariant map β g ′ ,g : P Spin (M, g) → P Spin (M, g ′ ) respectively. Denote the spin bundles with respect to g and g ′ by Σ g M and Σ g ′ M respectively, then the map β g ′ ,g extends to an isometry β g ′ ,g :
For the Dirac operator D /, we consider the transformation operator acting on the spin bundle Σ g M:
where D / g ′ denotes the Dirac operator D / with respect to the metric g ′ on M, namely,
here, {e α,g ′ } denotes the g ′ −orthornormal frame, which is transformed via b g,g ′ to the g−orthornormal frame {e α }:
Hence,
from which we have
Since b gt,g = (Id + tK) −1/2 , it follows that
On the other hand, Theorem 21 in [1] gives us
Inserting (3.10) and (3.11) into (3.9) then yields
This proves Lemma 2.2. Q.E.D.
Thus, from (3.7) we have
Now we compute the second variation
)(e α , e β )(e α · ∇ e β ψ) The last term in the above equality can be calculated as follows
= 2 R(φ, ψ), dφ(X) . 
